INTRODUCTION 36
How does the cell know how big to make its organelles? This question has been puzzling cell 37 biologists for decades. Cells must have a robust and efficient procedure for building organelles 38 with a specific size and shape. The stochastic kinetics of polymerization typically leads to 39 formation of structures with widely varying sizes in the absence of any size-dependent assembly 40 or disassembly processes (1). But organelles are thousands of times bigger than the materials 41 used to measure and build them. How can molecular pathways of assembly sense and respond to motors to the pool at the flagellar base can serve as a proxy for flagellar length measurement, 114 leading us to propose that the diffusion of the IFT kinesin motor may, itself, be the long-sought 115 length sensor that regulates IFT injection. 116 117 In this paper, we investigate this hypothesis using models constructed at three different levels of 118 abstraction: a fine-grained agent-based model that is analyzed using computer simulations, a 119 stochastic process model that is investigated using linear algebra, and a coarse grained 120 differential equation model that can be solved analytically. In the agent-based model, we 121 explicitly model the flagellum and motors and run time dynamics simulations. In the stochastic 122 process model, we construct a transition matrix and use its mathematical properties to determine 123 a steady state. In the differential equations model, we solve the steady state form of the diffusion As a starting point to look for potential length dependencies in the IFT system, we implemented 129 a simplified model of the individual components of the system ( Figure 1B ) and asked what 130 predictions this model might make about length dependence. We built an agent-based model to 131 simulate kinesin and microtubule growth dynamics through stochastic rules grounded in 132 biochemistry. Specifically, we used Python's built-in object oriented programming methods to 133 explicitly model individual motors and the flagellum they populate. in the flagellum and unbound, it moves randomly to the left or to the right. If it is unbound and 142 reaches the base, it is absorbed into the base and becomes inactive. At each time step, we count 143 the number of motors in the base, and if that value is greater than a variable for avalanche 144 threshold, we use a Weibull distribution to determine how many should avalanche out and move 145 into the flagellum, and reactivate into active transport. We chose a Weibull distribution because 146 it can fit the long-tailed distribution of train sizes that have been experimentally determined (16).
147
The Weibull distribution has a multiplicative constant that we set to the difference between the 148 number of motors in the base and the threshold for avalanching, plus a constant we could vary. This model lets us consider the journey of a single motor ( Fig. 2A ). In this example, it starts at 155 position 0, with the bound parameter set to True. The conditional that checks if it is bound 156 commands its position to increase by the active transport step size. This process continues until 157 the position of the motor is equal to the length of the flagellum. This position represents the tip, 158 and at this stage, the motor's bound parameter is changed to False, and the length of the 159 flagellum is increased by the build size parameter. In the next time step, the conditional that 160 checks if the motor is bound sees that it is not bound, and this time it adjusts its position by the Simulations over time show that this system allows the flagellum to grow to a defined length 170 with decelerating kinetics (Fig. 2B ). This diffusion-based control scheme is robust and works for 171 a wide range of parameters.
173
Because motors undergo random motion as they return, and are released from the base in a way 174 that depends on the time history of their return, it is expected that flagellar growth rates will 175 fluctuate, and indeed our simulations confirm that the length does indeed fluctuate around a 10 steady state average length ( Fig. 2C ). By counting motors in different states, we can ask how the 177 pool of diffusing motors is distributed along the length. We find that the probability of finding a 178 motor at a give distance from the tip is approximately linear, consistent with the expected form 179 of a diffusional gradient at steady state ( Fig. 2D ).
181
Having found that the simple agent-based model of diffusive kinesin return is able to produce a 182 defined flagellar length, the key question is whether the length-dependence of IFT injection can 183 be recapitulated. As shown in Figure 2E , the average injection size per unit time of injected IFT 184 trains in the simulation shows an inverse dependence on flagellar length, as previously reported 185 in experimental measurements (16, 17) . In order to understand why this diffusion-based mechanism actually works and how it depends 196 on parameters, one approach would be to explore the entire parameter space of the model using 197 exhaustive methods, but this would require a prohibitive number of simulations. We therefore 198
seek a more abstract model that can be analyzed mathematically to yield a more intuitive understanding of why the model works the way it does. To this end, we modeled the flagellum as motors injected into active transport is the only factor that controls the number arriving at the tip 291 per second. This value can be expressed as the number of motors in the base multiplied by p, the 292 fraction of motors in the base that get injected into active transport. We can therefore define the 293 critical rate of motors that must arrive at the tip to maintain a steady state length as G = 294 d/( * ), where d is the decay rate and is the growth increment when a single motor reaches 295 the tip. The value of the steady state number density vector N SS in position (2L+1) is the number 296 of motors at the base. This means that when N SS (2L+1) > G, there are enough motors at the tip 297 that the flagellum will grow. If N SS (2L+1) < G, there are too few motors to counteract the decay, 298 so the flagellum will shrink. This means that when N SS (2L+1) = G, the growth factor from 299 motors at the tip perfectly cancels the decay rate. Therefore, when N SS (2L+1) = G, the matrix is 300 the right size to encode a flagellum that reaches steady state length.
302
We can find this matrix by creating transition matrices corresponding to a range of lengths, 303 finding each matrix's principle eigenvalue, and examining the value of the corresponding 304 eigenvector at position (2L+1). Figure 3B shows the values at this position as a function of L.
305
The horizontal line represents the value of G given by the default parameters in the agent-based 306 model. The matrix that intersects the line at G is the one with the steady state length. The 307 difference between this steady state length and the result from the agent-based model may be 308 explained by the different implementation of avalanching between the models. Note the inverse 309 relationship between injection rate and flagellar length, matching experimental results (16). A 310 possible future direction for this model is making the separation between elements in the matrix 311 correspond to a smaller unit of length, or perhaps a continuous differential equation, allowing us 312 to precisely predict final length. The equilibrium here is stable, reiterating the point that the 313 length would modulate until it reaches steady state. It also means that this system is robust, because any parameter adjustment would retain the stable equilibrium. This model also predicts 315 that the gradient of diffusing motors is linear (Fig. 3C) , like in the agent-based model. The
316
benefit of the matrix model in addition to the agent-based model is that it provides an 317 intermediate level of scale that proves stability and robustness, and that it is efficient to vary 318 biochemical parameters and find the steady state solution.
319 320
DIFFERENTIAL EQUATIONS MODEL
321 The stochastic process model described above provides a simplification of the initial agent-based 322 model, but it still requires numerical solutions to find steady state distributions of motors. We 323 therefore investigate an even more idealized model that will allow us to solve for the steady state 324 solution analytically, so as to determine the influence of key parameters on system behavior.
325
If we make the assumption that active transport time and expected time delay of injection is 326 small relative to the timescale of diffusive return, we can model this system as a diffusion 327 problem with a constant source of free motor protein at the tip of the flagellum and a sink at the 328 base. If we also assume that no diffusing motors re-bind to the flagellum, we can apply Fick's 329 first law of diffusive flux in steady state. This law strictly applies to steady state, however we can 330 still use it to study the dynamics of flagellar growth by invoking a separation of timescales. We 331 assume that the timescale of flagellar length changes due to growth and shrinkage, which 332 happens on the timescale of minutes to hours, is slow relative to the timescale over which 333 diffusion establishes a stable gradient, such that the system can be viewed as being in a quasi- containing gas: when the expansion of the box is slow, the system is reversible and equilibrium 336 statistical mechanics theory can be applied. A simple validation of this is that a single motor reaching the tip increases the length by 1.25nm in our simulation, and it takes 4.5e-7 seconds for 338 a diffusing motor's mean square displacement to equal 1.25nm, which is negligible compared to 339 the time it takes to diffuse back to the base, roughly 18 seconds).
341
The strategy for deriving an expression for steady state length is to determine the expected flux 342 of diffusing motors arriving at the base, equate the flux to the number of motors diffusing from 343 the tip (following our assumptions that injection time and active transport time are very small 344 compared to diffusion time), convert that flux into a dynamic growth term, and then find the 345 steady state at which this growth is balanced with the decay term.
347
The resulting expression for steady state length is the following: where N is the number of diffusing motors, D is the diffusion coefficient, is the increment of 353 flagellar growth when a motor reaches the tip, and d is the decay rate.
355
It can be shown from first principle random walk distance distributions that the time it takes to 356 move a root-mean-square distance L is:
The current of motors I reaching the base is equal to the number of diffusing motors N divided 359 by the average time it takes to diffuse to the base.
In the approximation in which motors that have reached the base immediately transport back to 362 the tip, the flagellum grows by the current of motors reaching the base multiplied by the growth 363 increment per motor . The competing decay term d is length-independent.
364
!"
At steady state,
!"
!" = 0, so it is simple to solve for the steady state length !! . By running simulations in the agent-based model over a range of parameters, we can verify that 384 this relation matches the results of fine-grained agent based simulations. (Fig 4) . To simulate our 385 assumptions, these simulations have an avalanching threshold of 1 and an active transport speed 386 of 200 m/s (enough to go the entire length of the flagellum in one time step). This deals with 387 the regime of high active transport velocities, which is neglected by the Markov matrix model.
388
To correct equation 1 in the future to include low velocities, we would need another small 389 correction to N, because slow walkers are essentially motors in the system that are not diffusing.
390
The similarity between the curve fits and the simulated lengths indicate that equation 1 391 accurately describes the length of diffusion-regulated flagella. In this model of length sensing, the cell is not sensing length directly, but it is converting a 396 biochemical signal that obeys the laws of diffusion and using it as a proxy for length 397 measurement. This is similar to a chemical reaction in which a chemical X has an assembly term 398 and a degradation term. The concentration of X over time is given by a simple differential 399 equation, and the steady state concentration is determined by a combination of biochemical 400 parameters. The flagellum is a similar system because the length has assembly and disassembly 401 terms, and here we predict which specific biochemical parameters are involved (equation 1).
402
There is a competition between a growth flux term ( * * ) and a decay term d. It is 403 important to note that the square root in equation 1 comes from the geometry of the system. Another mutant that we can examine is the FLA10 gene, which codes for the kinesin motors (9).
428
Temperature-sensitive fla10 mutants with intact flagella start to lose their flagella when the 429 temperature shifts into the region that disables FLA10 (9). Growth of fla10 mutants at 430 intermediate temperatures, which partially disable the motors, leads to intermediate steady-state 431 flagellar lengths (11). In our model, this translates to a reduction in N, the number of motors in 432 the system. We note that the square-root dependence of steady state length on motor number 433 (equation 1) means that length will decrease sub-linearly with decreasing motor number. To 434 reduce length by a factor of 10 would require a reduction in motor number by a factor of 100.
435
Since motors reaching the tip and delivering cargo is the only mechanism in the model for 436 flagellum growth, removing every motor makes the flagellum shrink to zero. This is another 437 prediction of equation 1.
439
Comparison with other studies 440 A recent study on mouse axons (23) studies the diffusion of kinesin motors as a mechanism for 441 recycling. Their model for simple diffusion has the same linear distribution of diffusing motors, 442 but they find that the diffusing motors have a nonzero binding rate onto the flagellum from 443 diffusion, and therefore the number distribution is exponential. The mouse axon system has a 444 fixed length, but their work provides an example in biology of diffusion and recycling of kinesin. Kinesin motors pile up at the base (1), and once the pile is large enough, some are injected into 557 the flagellum with cargo (2). Each motor constantly moves towards the tip of the flagellum (3).
558
Once they reach the end, they flagellum gets longer (4), and the kinesin motors unbind and 559 diffuse (5). Once they diffuse back to the base, they are absorbed and re-enter the pile in the base 560 (6). While this is happening, the flagellum is shrinking at a length-independent rate. 
